Two-channel Kondo model as a generalized one-dimensional inverse square long-range 

Haldane-Shastry spin model 
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Majorana fermion representations of the algebra associated with spin, charge, and flavor currents 
have been used to transform the two-channel Kondo Hamiltonian. Using a path integral formulation, 
we derive a reduced efi'ective action with long-range impurity spin-spin interactions at difi'erent 
imaginary times. In the semiclassical limit, it is equivalent to a one-dimensional Heisenberg spin 
chain with two-spin, three-spin, etc. long-range interactions, as a generalization of the inverse-square 
long-range Haldane-Shastry model. In this representation the elementary excitations are "semions", 
and the non- Fermi-liquid low-energy properties of the two-channel Kondo model are recovered. 
PACS numbers: 72.15.Qm, 71.10.-hx, 71.27.-ha, 75.20.Hr 



The two-channel Kondo model is known to have a non- 
Fermi liquid (non-FL) low-energy fixed point in the over- 
screening case, and has been put forward as a model to 
explain non-FL behavior observed in several quite differ- 
ent physical systems at low temperatures, such as certain 
heavy fermion alloys and two-level systems . There are 
exact solutions for the ground state and thermodynamics 
of this model derived from the Bethc Ansatz (2||^, but 
there are still continuing efforts to find an intuitive under- 
standing of the nature of excitations in the neighborhood 
of the low-energy fixed point. Numerical renormalization 
group Q , conformal field theory (CFT) Q , and bosoniza- 
tion approach made a number of predictions for the 
many-body excitations at the fixed point, but they do not 
provide an intuitive interpretation of these excitations as 
it is possible at the FL fixed point of the single-channel 
Kondo model ||]. 

It was shown a long time ago that the single-channel 
Kondo model can be reduced to an inverse-square one- 
dimensional Ising model [ p^ , which is a prototype clas- 
sical model in statistical physics jl^jl^. Moreover, such 
a reduced effective model had helped Anderson and 
coworkers to establish the correct FL behavior of the 
low-energy fixed point for the one-channel model in the 
early 70s pO| , p^ , namely, the Ising spin-spin correla- 
tion function should behave as with t as the imag- 
inary time. On the other hand, the non-FL behav- 
ior of the two-channel Kondo model is characterized by 
the dynamic correlation function of the impurity spin, 
< TrSdir) ■ Sd{0) >^ |7|, but its physical meaning, un- 
fortunately, has not been fully understood yet. To our 
knowledge, the possible connection of the overscreened 
two-channel Kondo model with quantum spin models has 
not been explored so far. 

In this Letter, the algebra of total spin, charge, and fla- 
vor currents of the two-channel Kondo model have been 
represented in terms of Majorana fermions, and in the 
path integral formulation, we derive a reduced equiva- 
lent quantum Heisenberg spin model, in which the impu- 
rity spins at different imaginary times are strongly cor- 



related, including two-spin, three-spin, etc. long-range 
exchange interactions. In particular, the two-spin inter- 
action has exact the same form as the integrable inverse- 
square one-dimensional Heisenberg spin chain — the so- 
called Haldane-Shastry (HS) model [Q, while the three- 
spin and four-spin interaction parts, etc. are natural gen- 
eralizations of the HS model. The non-FL fixed point 
action of the two-channel Kondo model is identified with 
the two-spin interaction part (the HS model), and the 
elementary excitations of this low-energy non-FL fixed 
point are spinons {S — 1/2 objects) obeying semion 
(half-fractional) statistics intermediate between bosons 
and fermions p5| . Actually, the two-spin long-range in- 
teraction part forms an ideal semion gas, while the three- 
spin long-range term is a dangerous irrelevant interac- 
tion, leading to important corrections to the thermody- 
namic properties. The fourth and higher order terms are 
irrelevant variables. The non-FL properties of the two- 
channel Kondo model are thus recovered. 

We start with the Hamiltonian of the two-channel 
Kondo model in the form, 



+ 00 



H = Ho + Hi 

i='^<y=^A 

a—x,y,z 



dx ii]^^{x)(idx)il^j^„{x) 



(1) 



where we have retained only the s-wave scattering, lin- 
earized the fermion spectrum, and replaced the incom- 
ing and outgoing waves with two left-moving electron 
fields Tpj^a-{x). J six) are the conduction electron spin cur- 
rent operators: J'^{x) = Y.j,a,a' ■ i^],a{x)sl,a''^o,^'{^) ^ 
where s" being spin-1/2 matrices, :: means normal 
ordering. We introduce charge and flavor currents: 
Jc{x) = Ej,<x : i^],Ax)i^j:<y{x) : and J^(x) = Ej,/,<t : 
tljj^^{x)tjj,tljji^cr{x) :, where tj^, are generators of an 
SU(2) symmetry group. Following Affleck and Ludwig 
the free part of the Hamiltonian can be rewritten 



1 



as a sum of three commuting terms by the usual point- 
splitting procedure (Sugawara construction): 



ZTT 



dx 



i : Jc(x)Jc(x) : +^ : J/(a;) ■ J/(x) : 



+ 1 ■■ Mx)-Mx) : 



(2) 



while the interaction term is expressed only in terms of 
the electron spin currents and the impurity spin. The 
information about the number of channels is contained 
in the commutation relations obeyed by the spin currents 

J'^ix')] = ie^''^j:ix)Six - x') + ^5a.b5'{x - x') 

indicating that Js{x) form an SU(2) level k = 2 Kac- 
Moody algebra. Meanwhile, the charge and flavor cur- 
rents satisfy 



[Jcix),Jcix')] = 2kiS'{x-x'), 



ki 



[J^x), J}{x')] = ie''''^J^x)6{x - x') + -^Sa,bS'{x - x'). 

They form a U(l) Kac-Moody and another SU(A: = 2) 
level-2 Kac-Moody algebra, respectively. 

It is now quite natural to introduce a Majorana repre- 
sentation of the spin current operators. 



JUx) - 



-~iX?,{x)xi{x), 
-iXi{x)x2{x), 



(3) 



where Xi{x),X2{x), and X3(x) are left-moving free Ma- 
jorana fermion fields, and it can be shown to reproduce 
the SU(2) level-2 Kac-Moody commutation relations. It 
is important to note that this representation is only ap- 
propriate for the two-channel model as it leads to a level-2 
algebra. It would be inappropriate for the single-channel 
Kondo model where the corresponding spin current gen- 
erates a level- 1 algebra. 

In a similar way, we can also introduce Majorana rep- 
resentations for the flavor currents 



J fix) = 

jy{x) = 

J fix) = 



-iX2(a^)X3(a;), 
-jX3(a;)xi(a^)> 
-ix'iix)x'2ix), 



(4) 



which reproduces the commutation relations satisfied by 
the flavor currents, and Jdx) = — 2ix4(x)x5(x) rep- 
resenting the charge current operator. Note that x'a 
with a — 1,2,3,4,5 are also left-moving free Majo- 
rana fermion fields. It is well-known that the dynam- 
ics of charge, flavor, and spin are completely determined 
by the commutation relations of these current opera- 
tors. Though the spin currents of the two-channel Kondo 
model can be represented in terms of three Majorana 
fermion fields Xaix) (a = 1,2,3), they can not be given 



any simple physical interpretation in terms of the original 
conduction electrons ipj^aix). 

Now using these current operators, the Hamiltonian 
(2) is presented as a quartic form in the Majorana fields. 
This form is convenient if one pursues a purely algebraic 
approach as in the CFT However, for our purpose 
it is more convenient to perform an inverse Sugawara 
construction using again the point-splitting procedure, 
and rewrite the terms quartic in the Majorana fermions 
as kinetic energy terms which are quadratic [p^ , pT| : 



Mx)Mx) ■.^AY,x'ci^d,)x'Jx); 

a=i 

3 

Jfix)-Jf{x) :=2^xU*5.)Xo(a:); 

Q = l 

3 

Jsix) ■ Jsix) := 2^Xaiidx)Xaix)- 



(5) 



The model Hamiltonian is thus transformed into the fol- 
lowing two parts jl^ , 

Hc + Hf^^Y. x'aix)itdMx), 

Hs^ j dx Xaix)iidx)Xaix) 

iJ /■+°° 

- y y dx 5{x) Sd- xix) x xix)- (6) 

He + Hf describes the non-interacting charge and flavor 
degrees of freedom. It is invariant under the symmetry 
group U (1) ® SU {2)2 described by the five free Majorana 
fermion fields x'aix) i<^ — 1,2,3,4,5). Hs is the main 
part of the model and it describes the spin degrees of 
freedom with three left-moving Majorana fermion fields 
Xa (ct = 1,2,3) interacting with the impurity spin. It 
has the SU{2)2 symmetry so that the full Hamiltonian is 
described by eight different Majorana fermion fields. 

In the two-channel model Hamiltonian, Hs will give 
rise to the essential low-energy physics of the model be- 
cause it is the only part which includes the interaction. 
The reduced partition function of the model Hamilto- 
nian with Ha can be written in the form of a functional 
integral: 

Z = j DVL j W Dxa exp i^iSdUJ (q^ - dr 



dx ^ -XadrXa + Hs 



^,Xa 



(7) 



where the impurity spin part has been expressed in terms 
of a spin coherent state path integral jl^, ft = {6, (f) is a 
unit vector describing the family of spin states \Sd,md)^ 
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the eigenstates of S'^ and 5'| with eigenvalues Sd{Sd + 1) 
and m, respectively, and the periodic boundary condition 
is assumed for the spin vector variable. 



iSd^^ \^) = iSd J dT{l — cost 



(8) 



is known as the Berry phase of the spin history, which is 
a purely geometric factor and will play no essential role 
here. In the path-integral representation, the reduced 
Hamiltonian Hs is expressed as 



An 



iJSd 



X! / dx Xa{x,T){idx)Xa{x,T) 

a=l •'-^ 

+ 00 

dx S{x) n{T) ■ x{x,t) X x{x,t), (9) 



where Xaix, r) (a = 1, 2, 3) are real Grassmann variables 
corresponding to the three Majorana fermion fields and 
as far as Xa are concerned, the path integrals over them 
are bilinear. The partition function can thus be rewritten 
in the following form 

<j) Dhexp [iSdUJ j WOxa 

a—1 

exp|-i^ dr j ^'t(x,T)]Vf 4'(a;,r)| , (10) 

with a three-component vector '^'^{x^t) — (xi(a;,r), 
X^ix, r), x^i'^i 't)) and its transposition ^'(x, t). The ma- 
trix is denoted by M = {dr - Vfidx)I + iJSS{x)M' (t), 
where 



M'(t) = 



0, -n^ir), ny{T) 



(11) 



Vf = Vf/2TT, and / is a 3 x 3 unit matrix. Then we 
integrate out the variables Xa and obtain an effective 
action which only contains the spin vector variables: 



1. 



-Tr In 



l + iJSdS{x)GM'{T) 



(12) 



where Zq — ^ det [{dr — Vfidx)!] is the partition function 
of the non- interacting limit of Hs, and its free Majorana 
fermion propagator is given by G = {dr —Vfidx)~^- Trac- 
ing here is taken over space, imaginary time, and the 
matrix indices. Using the identity 



Tr ln(l + A)^-Y^ 



i-iy 



■Tr {Ay 



we obtain the general expression for the effective action 



/3 



rfT„G(Tl2)G(T23)... 



G(T„i)Tr [M'{n)M'{T2) M'(r„)J , (13) 

where the space integration has been easily carried out 
due to the presence of the delta function so that the free 
Majorana fermion propagators are replaced by the local 
one, G(t) — J-^-?^^^7^ , and t;,- = — r,. Note that 

^ \ / Vf sin(7rT/p) ' U <■ J 

Ti, T2, T„ are unequal imaginary times. In fact S'^jj- is 
the contribution of a one-loop diagram made of n local 
propagators G{Tij) and n local vertices iJSM'{Ti). The 
factor l/(2n) in front of each term is due to symmetry 
of the corresponding diagram. In the above derivation, 
the impurity spin is not specified to be 1/2 and only the 
spin of the conduction electrons has been assumed to 
1/2. However, the following discussion will focus on the 
overscreening case {Sd — 1/2). 

Up to second order of JSd, the effective action is 
worked out as 



S 



(2) 



T^iJSdf 



dn 



/3 



dT,G\n,)n{n)-n{T,), (14) 



which describes a Heisenberg spin chain with an inverse- 
square long-range antiferromagnetic interaction between 
the impurity spins at two different imaginary times, and 
the sign of the original Kondo exchange coupling (fer- 
romagnetic or antiferromagnetic) is not distinguishable 
here. Note that the spin coherent state path integral 
has assumed a periodic boundary condition for the spin 
variable so that the Heisenberg spins in fact sit on a 
circle of length /3 with exchange inversely proportional 
to the square of the distance between spins, which has 
the same form of the path-integral functional as the one- 
dimensional Heisenberg spin chain with an inverse-square 
long-range interaction, the HS model in the semiclas- 
sical limit. Therefore, all the static properties of the HS 
model can be readily translated to the present model, 
(a) The low-energy states of Slj:j in the large-/? limit 
are described by the chiral-SU(2) invariant fc = 1 Wess- 

Zumino-Witten model, which is a conformally invariant 

(2) 

Gaussian field theory. 5*^^^ thus can represent a fixed 
point action of the two-channel Kondo model, and the 
elementary excitations are spinous, i.e., the S* = 1/2 par- 
ticles instead of spin waves which are the elementary exci- 
tations of an ordered antiferromagnet. The spinous sat- 
isfy scmion statistics intermediate between bosons and 

fermions, being an example of the exclusion statistics in- 

i — h (2) 

terpretation of fractional statistics |15| . (b) S'g A describes 
a free gas of spinous, being a fundamental model for gap- 
less spin-1/2 antiferromagnetic spin model, and the dom- 
inant asymptotic spin-spin correlation function of 5^^^^ is 
algebraic with an universal exponent 77 = 1 without log- 
arithmic corrections iflitl. 



< Trn{Ti) ■ n{Tj) >r 



(15) 
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and the impurity spin variable ri(r) thus acquires a dy- 
namic scaUng dimension 1/2. Such a behavior is also 
the universal spin-spin correlation function of the low- 
energy non-FL behavior of the two-channel Kondo model 
[^-|| , leading to a marginal FL form of the impurity 
spin spectrum: Imxd(^ + *0+) ^ tanh(:jy). (c). We can 

(2) 

thus conclude that S^^ r represents the low-energy non- 
FL fixed point action of the spin part of the two-channel 
Kondo model. 

The third order of JSd can be viewed as a correction 
to the fixed point action, which has been derived as 

Si% = -riJSdf / dn / dr, / drk 

D Jo Jo Jo 

G{n,)G{Tjk)G{m)h{n) ■ (i7(t,) x f](rfc)) . (16) 

This term describes a Heisenberg spin chain with a long- 
range interaction of the impurity spins at three different 
imaginary times and is completely antisymmetric in its 
indices (ijk). In accordance with the low-energy non-FL 

(2) 

fixed point action »S'gjp this interaction term is irrelevant 
because it has a dynamic scaling dimension 3/2. How- 
ever, it is this interaction that distinguishes the sign of 
the original Kondo exchange coupling, so that it is a dan- 
gerous irrelevant operator. It is conceivable that the non- 
FL thermodynamic properties of the two-channel Kondo 
model around the low-energy fixed point are derived from 

(3) 

a perturbation theory of S^j:j. For instance, the second 

(3) 

order perturbation calculation of "Se// gives rise to the 
extra low-temperature specific heat due to the presence 
of the impurity spin as T In T . The detailed calcula- 
tions of the thermodynamic properties will be given in 
the future publication. 

When the expansion is carried out to the fourth or- 
der, we obtain a four-spin long-range interaction of the 
impurity spins at four different times 

Slff - -(JSd)^ / dT, / dTj / dTk / dTi (17) 
4 Jo Jo Jo Jo 

G{n,)G{r,k)G{Tki)G{Tu)h{n) ■ n{Tj) h{n) ■ hin), 

which is clearly irrelevant as far as the low-energy fixed 
point is concerned, as its dynamic scaling dimension is 2. 
All higher-order terms thus contain no essential physics 
and can be neglected completely. Therefore, the reduced 

(2) (31 

effective action will be given by Seff = S),j^ -\- S^^^, 
which is a natural generalization of the inverse-square 
long-range HS spin exchange model. 

In summary, we use the Majorana fermion represen- 
tation of the algebra of spin, charge, and flavor currents 
to transform the two-channel Kondo model. In a path 
integral formulation, we derive a reduced effective ac- 
tion of the two-channel Kondo model, which is a one- 
dimensional Heisenberg spin chains with two-spin, three- 
spin, etc. long-range interactions, as a natural generaliza- 
tion of the inverse-square long-range HS spin model. It is 



argued that the nontrivial two-channel Kondo physics in 
the low-energy regime can be reproduced from the first 
two terms of the spin action, and the other relevant issues 
arc under investigation. As pointed out in Ref. |2^, the 
infinite set of multiplicative degeneracy of HS model |l^] 
is due to the hidden SU{2) Yangian symmetry. Com- 
paring our present formulation with the CFT treatment 
of the two-channel Kondo problem ||], this statement 
becomes apparent. After completing the present work, 
we become aware of a general review article ||2^ on ex- 
act results for highly correlated electron systems in one 
dimension, where some analogies of the inverse square 
long-range models to other interacting models are dis- 
cussed within the framework of the Bethe-Ansatz. 
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